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Quantum chaos can be characterized by an exponential growth of the thermal out-of-time-order
four-point function up to a scrambling time uˆ∗. We discuss generalizations of this statement for
certain higher-point correlation functions. For concreteness, we study the Schwarzian theory of a
one-dimensional time reparametrization mode, which describes AdS2 gravity and the low-energy
dynamics of the SYK model. We identify a particular set of 2k-point functions, characterized as
being both “maximally braided” and “k-OTO”, which exhibit exponential growth until progressively
longer timescales uˆ
(k)
∗ ∼ (k− 1) uˆ∗. We suggest an interpretation as scrambling of increasingly fine-
grained measures of quantum information, which correspondingly take progressively longer time to
reach their thermal values.
I. INTRODUCTION
The out-of-time-order (OTO) four-point function
F (uˆ) = 〈V (uˆ)W (0)V (uˆ)W (0)〉/(〈V V 〉〈WW 〉) in a ther-
mal state serves as a diagnostic of quantum chaos [1–6].
A manifestation of this is the existence of a time regime
where the (connected and regularized) part of F (uˆ) grows
exponentially:1 F (uˆ)conn. ∼ eλL(uˆ−uˆ∗). The scrambling
time uˆ∗ is larger than the typical timescale of thermal
dissipation by a factor of the logarithm of the entropy of
the system. It has thus been suggested that it quantifies
a more fine-grained aspect of thermalization, a process
that has been coined scrambling [7–9].
In this letter we aim to explore generalizations of these
statements. We consider higher-point correlation func-
tions in OTO configurations. We will suggest a particular
generalization of the four-point chaos correlator, which
we call the “maximally braided” OTO correlator. As we
will see, the maximally braided 2k-point function is a
function of k Lorentzian insertion times and has several
interesting features:
1. There exist Lorentzian insertion time configura-
tions for which it exhibits exponential growth up
until a time uˆ
(k)
∗ ∼ (k− 1)uˆ∗. These configurations
are such that the correlator is maximally OTO, i.e.,
they display the highest possible number of switch-
backs in real time.
2. The Lyapunov exponent describing the speed of
this growth is the same λL as for the four-point
function. The longer time scales are associated
with the higher-point correlators being more fine
grained quantities, thus can be made progressively
smaller initially.
We demonstrate these features in a particular model,
which is known to be maximally chaotic (i.e., the Lya-
punov exponent is as large as universally allowed in any
1 Throughout this letter, we we denote Euclidean times as u and
real times as uˆ.
quantum system, λL =
2pi
β [5, 10, 11]): the Schwarzian
theory of a single time reparametrization mode, describ-
ing the fluctuations of the location of the boundary in
AdS2 gravity coupled to scalar matter fields.
II. OTO CORRELATION FUNCTIONS
A. Backreaction in AdS2
Our starting point is the calculation of backreaction of
matter fields in Euclidean AdS2 space. We follow previ-
ous discussions in [12–15], which the reader is invited to
consult for further details. The gravitational action re-
duces to a boundary term, which describes the dynamics
of the soft mode t(u):
− Igrav = 1
κ2
ˆ
du
[
− 1
2
(
t′′
t′
)2
+
(
t′′
t′
)′ ]
(1)
This is the Schwarzian action, which is determined by a
pattern of spontaneous and explicit conformal symmetry
breaking. The coupling κ is our expansion parameter:
in gravity it is proportional to G
1/2
N (the bulk Newton
constant) and it scales as N−1/2 in the SYK model.
Note that the SYK model [6, 10] has an additional
energy scale J , which appears in the gravity calculation
as a UV cutoff. The dominance of the soft modes over
the massive modes of the SYK model, for certain quan-
tities, stems from those quantities being UV sensitive.
We believe this is the case for the special class of correla-
tion functions discussed here, and therefore that the time
scales we unravel are also relevant to the SYK model.
However, for simplicity we restrict our attention to the
purely gravitational calculation, representing the contri-
bution of the soft mode to correlation functions.
We couple the gravity theory to a matter action which
represents external massless particles:
− Imatter = 1
2pi
ˆ
du1du2
t′(u1)t′(u2)
(t(u1)− t(u2))2 j(u1)j(u2)
(2)
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2where j is a source for the (dimension 1) operator whose
correlator we are calculating.
To compute correlators perturbatively in a black hole
background, we transform t(u) = tan( τ(u)2 ), correspond-
ing to working with temperature β = 2pi, and expand
around the saddle: τ(u) = u+ κ ε(u).
To leading order in κ the Schwarzian action gives a
quadratic term, and hence a propagator for the mode
ε(u). This propagator can be written as
〈ε(u)ε(0)〉 = 1
2pi
[
2 sin u− (pi + u)
2
(pi + u)
+ 2piΘ(u)(u− sin u)
] (3)
where we take the coefficients a, b appearing in [13] to
zero (this corresponds to a gauge choice). Further ex-
pansion of the Schwarzian action gives self-interaction
terms for ε(u), suppressed by factors of κ. These are re-
quired for calculating general correlation functions. We
will see that those interactions terms are not needed for
our purposes.
Similarly, we can expand the matter action (2). We
write the expansion in κ as
− Imatter = 1
2pi
ˆ
du1du2
j(u1)j(u2)
4 sin2(u122 )
∑
p≥0
κp B(p)(u1, u2)
(4)
where u12 ≡ u1 − u2. The leading order contribution
comes from the two-point function in the absence of back-
reaction. It is the conformal correlator at finite tempera-
ture, i.e., B(0) = 1. We will also need the first and second
order expansions, corresponding to the way the matter
sources the soft mode ε(u) to orders κ and κ2 [16]:
B(1)(u1, u2) = ε′(u1) + ε′(u2)− ε(u1)− ε(u2)
tan(u122 )
B(2)(u1, u2) = 1
4 sin2(u122 )
[
(2 + cosu12) (ε(u1)− ε(u2))2
+ 4 sin2
(u12
2
)
ε′(u1)ε′(u2)
− 2 sinu12 (ε(u1)− ε(u2)) (ε′(u1) + ε′(u2))
]
In order to compute a Euclidean 2k-point function up to
O(κn), one has to sum the relevant diagrams arising from
this expansion: first, one writes all possible products of k
instances of B(pi)(u2i−1, u2i), which are relevant at n-th
order in perturbation theory (i.e.,
∑
i pi ≤ n). In this
product, one then contracts ε’s either with propagators
(3), or with higher-point vertices arising from expanding
the action (1) to higher orders in κ. This quickly gets
complicated (see appendix B for examples). We will now
present a particularly interesting class of observables for
which this task simplifies considerably.
B. Systematics of the Calculation
Consider coupling the Schwarzian theory, describ-
ing gravity in AdS2 space, to k distinguishable mat-
ter fields representing the coupling to external oper-
ators Vi with i = 1, ..., k. Our aim is to calculate
2k-point correlation functions involving the operators
V1(u1), V1(u2), . . . , Vk(u2k−1), Vk(u2k). We proceed as
follows: (1) We calculate the Euclidean correlators.
Without loss of generality, for each pair of insertions
of the same operator, say Vi(u2i−1) and Vi(u2i), we or-
der the Euclidean times as u2i−1 > u2i. The remaining
relations between Euclidean insertion times determine
the order in which the operators occur in the correla-
tion function. (2) Then, to discuss Lorentzian times we
analytically continue by setting ur → δr + iuˆr for all
r = 1, . . . , 2k. We then analyze the late time dependence
on Lorentzian times uˆr. (3) Ultimately we are interested
in putting equivalent operators at coincident Lorentzian
times, uˆ2i−1 = uˆ2i. The short time regulators δr (which
are ordered in the same way as the original Euclidean
times) serve to regulate the divergence in this limit. We
write below terms at leading order in δij ≡ δi− δj , which
are universal in the sense that they contain the exponen-
tial behavior we are interested in (see the discussion in
[17]).
We start by discussing the computation of Euclidean
correlators. The Euclidean time ordering determines the
ordering of operators in the correlator. We are interested
in a specific set of orderings, which we will call maxi-
mally braided correlators, for which the calculation be-
comes particularly simple. To describe those correlators
we need to introduce some conventions.
The backreaction calculation involves in intermediate
steps Heaviside Θ-functions, resulting from the propaga-
tor of the soft mode (3). Organizing these will be cru-
cial. We choose to write all step functions canonically as
Θ(ui−uj) with i > j, using Θ(x) = 1−Θ(−x). We then
use the configuration of these step functions to uniquely
characterize the different possible operator orderings of
the correlation function. For example, the time ordered
correlator 〈V1(u1)V1(u2) · · ·Vk(u2k−1)Vk(u2k)〉, with the
canonical ordering u1 > u2 > . . . > u2k, is character-
ized as being the term in the generic Euclidean 2k-point
function with no step functions.
Since we are interested in the exponential growth in the
chaos regime, we will only keep terms that are dominant
at late times. Longest living modes can be characterized
as a coefficient in the generic Euclidean correlator with
the maximum number of step functions. It is simpler
to evaluate, and subtracting off all other time orderings
does not influence the information we are interested in.
C. Maximally Braided Correlator
Our subtracted maximally braided correlator can be
characterized by the appearance of precisely k − 1 step
3functions, “braiding” every pair of operators with the
consecutive pair. Elementary combinatorics shows that
this characterization is equivalent to computing a prod-
uct of commutators (see appendix A for details). We
thus define our basic observable of interest as
F2k(u1, . . . , u2k) =
〈
V1(u1)[V2(u3), V1(u2)] [V3(u5), V2(u4)] [V4(u7), V3(u6)] · · · [Vk(u2k−1), Vk−1(u2k−2)]Vk(u2k)
〉
〈V1(u1)V1(u2)〉 · · · 〈Vk(u2k−1)Vk(u2k)〉 (5)
1
2
3
5
4
7
6
9
8
2k
...
. .
.
= B(1)(u2i−1, u2i)
= B(2)(u2i−1, u2i)
= 〈εε〉
FIG. 1. General maximally braided 2k-point correlator (first
term obtained by expanding out commutators in F2k): only
diagrams of the type shown contribute to the connected corre-
lator F2k at leading order in κ. The arrangement of insertions
along the circle indicates the ordering in Euclidean time.
The maximally braided configuration is obtained by
dropping all commutator brackets (see Fig. 1). The com-
mutators in F2k serve to subtract subleading pieces from
the maximally braided configuration. F2k is then just the
coefficient of a term in the generic Euclidean correlator
with k − 1 step functions. We argue below that to lead-
ing order in perturbation theory, F2k can be computed
using only the Feynman diagrams of the type illustrated
in Fig. 1.
Note that thus far we are discussing the Euclidean time
ordering, or equivalently the operator ordering in the cor-
relator. This determines the combinatorics of the calcu-
lation, and is the source of the simplification we exploit.
We discuss the independent issue of the Lorentzian time
ordering, which is crucial to the understanding of the dif-
ferent time scales involved in the correlator we compute,
further below.
D. Example: OTO Four-Point Function
Consider the correlator 〈V1(u1)[V2(u3), V1(u2)]V2(u4)〉.
We demonstrate here the simplified calculation that picks
out this particular combination (which describes pre-
cisely the dominant term in the chaos regime), without
the need to calculate the full Euclidean or Lorentzian
4-point function. We then generalize that process for
higher-point functions.
Using the simplifications described in appendix A, we
compute F4 as the coefficient of Θ(u32) in the exchange
of a soft mode between two bilinears:
F4 = κ
2 〈B(1)(u1, u2)B(1)(u3, u4)〉
∣∣
Θ(u32)
+O(κ3)
=
{
4κ2
δ12δ34
[(u23 − sinu23)] +O(δ−1ij )
}
+O(κ3)
(6)
Introducing δij ≡ δi − δj , we have already used the ben-
efit of hindsight and extracted the leading divergence as
δij → 0 for the analytic continuation ur → δr + iuˆr with
uˆ1 = uˆ2, uˆ3 = uˆ4. We can thus complete the analytic
continuation to the OTO chaos region by simply setting
u23 → iuˆ23.2 The term sinu23 in (6) then gives an expo-
nentially growing term eλL|uˆ2−uˆ3|, with λL = 1 = 2piβ=2pi ,
as expected. The time scale associated to this exponen-
tial growth, where the correlator becomes of order one, is
the scrambling time uˆ∗ ∼ log(κ−2) ∼ log(G−1N ) ∼ log(N),
or with units: uˆ∗ ∼ β2pi log( 2piβκ2 ).
Indeed, (6) is the result obtained by evaluating the
full 4-point function, specializing to the operator order-
ing 〈V1(u1)V2(u3)V1(u2)V2(u4)〉, subtracting off the time-
ordered part, and expanding in small δij (c.f. [13]).
Note that the exponentially growing factor is associ-
ated with one soft mode propagator, relating the even
and odd parts of two matter perturbations. We see be-
low that such pattern persists for higher-point correla-
tors, where one such exponential factor is associated with
any exchange of operators relative to the canonical order-
ing. Any such exchange is reflected by the presence of a
(canonically ordered) step function we use to organize the
calculation. Each such step function is accompanied by a
similar propagator factor and hence by an exponentially
growing mode. This is the basic structure of the results
derived below.
III. HIGHER-POINT CORRELATORS
Consider the six point function F6 as defined
in (5), following the process outlined and demon-
strated in the previous section. The combina-
tion 〈V1(u1)[V2(u3), V1(u2)][V3(u5), V2(u4)]V3(u6)〉 is ob-
tained from the generic Euclidean six-point function by
2 Note that Θ(u) = 1
2pii
´
dω e
iωu
w−i+ depends only on the real part
of u. In our context this means the step functions are sensitive to
the operator ordering, but not to the Lorentzian time ordering.
4isolating the terms involving the product of step func-
tions Θ(u32)Θ(u54). We claim that the necessary pres-
ence of this product of step functions specifies a unique
diagram that can contribute to the (connected and sub-
tracted) maximally braided correlator, to leading order
in κ.
Indeed the diagram depicted in Fig. 1 (for k = 3) con-
tains the minimal ingredients necessary to produce the
two step functions defining the maximally braided order-
ing we are interested in. Such diagram is of order κ4.
Other diagrams of the same order, for example discon-
nected ones or those involving a 3-point self-interaction
of the soft mode, will have fewer step functions. They
contribute only to other correlators, where the braiding
is less than maximal, or get subtracted off in the combi-
nation F6. Similarly, diagrams involving more than two
ε-propagators contribute to F6 but at higher orders in κ.
We are therefore faced with the relatively easy calcu-
lation of the following contribution to Fig. 1:
F6 = κ
4 〈B(1)(u1, u2)B(2)(u3, u4)B(1)(u5, u6)〉
∣∣
Θ(u32)Θ(u54)
(7)
up to corrections of O(κ5). Since we will eventually set
ur = δr + iuˆr, we can further use the simplifications
of appendix A. The result to leading order in κ and to
leading order in the regulators δij is
F6 ∼ 24κ
4
δ12δ234δ56
(u23 − sinu23)(u45 − sinu45) (8)
In appendix B we illustrate how to calculate the full six-
point function and reproduce this simple result for the
maximally braided subtracted correlator.
The calculation of the eight-point function is similar.
To leading order in κ and δij we find:
F8 ∼ 144κ
6
δ12δ234δ
2
56δ78
3∏
i=1
(u2i,2i+1 − sinu2i,2i+1) (9)
Similar results are obtained for higher order maximally
braided correlators F2k. Those continue to obey the pat-
tern evident from extrapolating (8) and (9).
IV. LORENTZIAN TIMES
We now turn to the analytic continuation ur → δr+iuˆr
in more detail. Our assumptions so far concerned Eu-
clidean time ordering and the first term in F2k (dropping
all commutators) corresponds to the choice δ1 > δ3 >
δ2 > δ5 > . . .. The late time growth indicating quan-
tum chaos is, however, sensitive to the ordering of real
Lorentzian times uˆr. As we will now see, there is an inde-
pendent way to characterize the real time ordering of the
correlator. The proper-OTO number of F2k is determined
by the real time ordering and it affects both the associ-
ated Lyapunov exponents and the associated scrambling
time scales. We will see that the correlator we discuss
involves the time scale uˆ∗, but also longer time scales,
depending on the proper-OTO number.
Vk
Vk
Vk−1
Vk−1
Vk−2
Vk−2
Vk−3
V2
V1
V1
β
FIG. 2. Complex time contour representation of the maxi-
mally braided correlator. We show the first (and dominant)
term in the expansion of commutators in F2k. Lorentzian
time runs horizontally. We depict the Lorentzian time config-
uration which is maximally OTO. Operators are separated by
small imaginary times, which enforces the operator ordering
along the contour.
A. Types of OTO Correlators
Our maximally braided correlators involve k swaps
of neighbouring operators as compared to the canonical
(time ordered) configuration. It also has the distinguish-
ing feature that it can be maximally OTO: its analytic
continuation allows for configurations that are as much
out of time order as any 2k-point function can be.
The proper-OTO number indicates the minimal num-
ber of switchbacks in the complex time contour that is
required to represent a correlator [18]. The proper-OTO
number of a 2k-point function is at most k. In the case
of F2k, maximal OTO number is achieved by the real
time ordering uˆ1 = uˆ2 > uˆ3 = uˆ4 > . . . > uˆk−1 = uˆk,
which we focus on. The associated contour is shown in
Fig. 2. Most other configurations of real times lead to a
smaller proper-OTO number (i.e., the correlator can be
represented on a contour with fewer switchbacks). We
now show the significance of this characterization of the
possible Lorentzian time orderings of our correlators.
B. Time Scales
Let us now discuss the physical significance of the
proper-OTO number. Using the result from the previ-
ous section, we have the following behavior for real time
separations |uˆ2i − uˆ2i+1|  1 = β2pi :3
3 This assumption about separation of time scales is simply to
extract a clear exponential time dependence from the trigono-
5F2k ∼ N
exp
(∑k−1
i=1 |uˆ2i − uˆ2i+1| − (k − 1) uˆ∗
)
δ12δ234 · · · δ22k−3,2k−2δ2k−1,2k
(10)
with scrambling time uˆ∗ ∼ log(κ−2), associated with the
growth of the 4-point function. The normalization N is
O(1) and has an alternating sign depending on the sign of
uˆ2i − uˆ2i+1. Note the appearance of the term (k − 1) uˆ∗
in the exponent, reflecting the fact that the connected
2k-point functions are proportional to κ2(k−1).
Depending on the real time ordering, the connected
2k-point function F2k exhibits different growth patterns
as function of different time separations. We focus on
the proper k-OTO configurations: these are maximally
OTO, i.e uˆ2i > uˆ2i−1 for all i. The time differences
in the exponent in (10) are then all positive and cancel
telescopically (recalling that we set uˆ2i = uˆ2i−1 for all i),
yielding F2k ∼ euˆ1−uˆ2k−1−(k−1)uˆ∗ .
Thus the correlator in this case is a function of a single
time separation uˆ1,2k−1, corresponding to a measurement
which is only sensitive to the total duration of the exper-
iment. Despite being scrambled in different “channels”,
the chaotic growth of F2k does not saturate after the
scrambling time uˆ∗ and continues unabated until uˆ1,2k−1
reaches the k-scrambling time
uˆ
(k)
∗ ∼ (k − 1)uˆ∗ . (11)
The Lyapunov exponent for this growth is still λ
(k)
L =
1 = 2piβ , but the longer time scale is associated with our
chosen correlators being sensitive to more fine grained
quantum chaos: they start off smaller and continue to
grow for a longer time.
Let us now discuss briefly configurations with less than
maximal OTO-number. For example, proper (k − 1)-
OTO configurations are obtained by swapping the order
of a single pair of real times, say uˆ1 and uˆ3, giving a cor-
relator which can be represented on a contour with only
k−1 switchbacks. The exponents in (10) do not quite add
up anymore, and we get F2k ∼ e2uˆ3−uˆ1−uˆ2k−1−(k−1)uˆ∗ .
There is now a two-dimensional space of time dependence
on both uˆ31 and uˆ3,2k−1. If, e.g., 1  uˆ31  uˆ∗, then
after a total duration of the experiment uˆtot = uˆ3,2k−1 ∼
(k−2)uˆ∗ the observable F2k already reaches size of O(1).
Working recursively, we see that less than maximal OTO
configurations can exhibit intermediate time scales and
transient behavior. It would be interesting to explore this
in more detail.
V. DISCUSSION
We have argued that there exists new physically in-
teresting data in higher-point out-of-time-order (OTO)
correlation functions. These are qualitatively similar to
the OTO four-point function used to diagnose quantum
chaos. However, the observables F2k we constructed
in (5) display an exponential growth for a longer time
uˆ
(k)
∗ ∼ (k − 1) uˆ∗. That is, there exists a hierarchy of
timescales associated with scrambling, probed by increas-
ingly fine grained (OTO) observables.
This is reminiscent of similar hierarchies encountered
in the context of unitary k-design in quantum circuit
complexity [19, 20]. It would be interesting to explore
this connection. Similarly, it would be an intriguing task
to explore the experimental relevance, or the precise op-
erational meaning of the hierarchy of k-scrambling times
(for instance, along the lines of [21, 22]). An interpreta-
tion in terms of echo experiments, or more theoretically
as quantifying operator growth by the size of repeated
commutators, seem possible.
Several other questions immediately spring to mind:
It would be interesting to repeat the calculation in the
Lorentzian setting, as a variant fo the standard shock
wave calculation [2, 3, 23] (one would have to interpret
the maximal braiding in that context). Similarly, one
would like to make precise the connection to the for-
malism of [24]. Extensions to higher dimensions (e.g.
[25]) and exploration of butterfly velocities would be in-
teresting, for example in the context of 2-dimensional
CFTs at large central charge [17]. It is also interesting
to explore whether those k-OTO correlators obey some
bounds along the lines of [5] (see also [26]).
Finally, we hope to explore other types of 2k-point
OTO correlators, such as the (suitably regularized)
“tremolo” correlator 〈(W (t)V (0))k〉. This might shed
light on the physical significance of abstract arguments
about the structure of OTO correlators [18, 27].
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metric factors in F2k. Dropping it would allow transient ef-
fects where the time dependence interpolates between different
regimes. Note that this assumption is mild: the time scale β
2pi
is sometimes referred to as the dissipation time over which, e.g.,
two-point functions decay. It is parametrically smaller than the
scrambling time scales we are interested in.
6Appendix A: Technical simplifications
We collect here some simplifications that make the evaluation of F2k more efficient in practice. The generic
Euclidean 2k-point function is invariant under permutations of the time arguments, but most terms in it multiply
some step functions. Any particular choice of Euclidean time ordering singles out some of these terms. Using the
conventions of section II B, the fully time ordered correlator has no step functions. Any step function signals the
exchange of two insertion times with respect to the above defined canonical ordering. A correlator with a single step
function would be one with a single pair of neighbouring operators exchanged relative to the time ordered one, e.g.,
〈V1(u1)V2(u3)V1(u2)V2(u4) · · · 〉. Based on general arguments, the time ordered correlators reach their thermal value
much faster than the scrambling times we are interested in. Similarly, any term without a sufficient number of step
functions has time ordered pieces in it, which factorize off and decay in the chaos regime. As an example, observe
that 〈V1V2V1V2V3V3〉 ∼ 〈V1V2V1V2〉〈V3V3〉 for relative time differences uˆij  1. We are thus interested in the term
with the maximal number of step functions.
The observable F2k is constructed precisely such that one starts with the maximally braided configuration
〈V1(u1)V2(u3)V1(u2)V3(u5)V2(u4)V4(u7)V3(u6) · · ·Vk(u2k−1)Vk−1(u2k−2)Vk(u2k)〉 (illustrated in Figs. 1 and 2) and
then subtracts off all the pieces which contribute to it, but only involve a lower number of step functions. This
ensures that we compute the leading term in the chaos regime, but nothing else. We extract the part of the generic
Euclidean 2k-point correlator with precisely k − 1 step functions of the form Θ(u32)Θ(u54) · · ·Θ(u2k−1,2k−2), which
is nothing but F2k.
For instance, the computation of F6 at O(κ4) can be illustrated as follows:
F6
∣∣
O(κ4) =
1
〈V1V1〉〈V2V2〉〈V3V3〉
(〈V1V2V1V3V2V3〉 − 〈V1V2V1V2V3V3〉 − 〈V1V1V2V3V2V3〉+ 〈V1V1V2V2V3V3〉)∣∣O(κ4)
= other ε-contractions
(A1)
Of interest to us are coefficients in the full (unordered) Euclidean six-point function of Θ(u32)Θ(u54), Θ(u32), Θ(u54),
and 1 (no step function). All four contribute to the first diagram; the second and fourth contribute to the second
diagram; the third and fourth contribute to the third diagram; and only the term with no step function contributes
to the last diagram. In total, only the coefficient of Θ(u32)Θ(u54) contributes to the signed sum (A1). This coefficient
contains the maximum number of growing modes in the chaos regime. This is summarized in (7).
Some more simplifications are useful for efficiently computing F2k for large values of k. In computing this term, we
can anticipate that eventually tan(
uij
2 ) ≈ δij2 , where δij ≡ δi − δj . Within F2k we can then write B(1)(u2i−1, u2i) →
B(1)odd(u2i−1) + B(1)even(u2i), with
B(1)odd(u2i−1) = ε′(u2i−1)−
2ε(u2i−1)
δ2i−1,2i
, B(1)even(u2i) = ε′(u2i) +
2ε(u2i)
δ2i−1,2i
(A2)
etc.. This source for the soft mode separates into two terms, each depending on either u2i−1 or u2i but not both. The
second order bilinear B(2)(u2i−1, u2i) simplifies in a similar way: in that case we only need to keep terms involving
both ε(u2i−1) and ε(u2i). Any term involving the square of only one of them would not be able to produce the
consecutive step functions Θ(u2i−1,2i−2) and Θ(u2i+1,2i).
Finally, we wish to extract the term involving k − 1 factors Θ(u2i+1,2i) for i = 1, . . . , k − 1. This can arise in
our perturbation theory only if subsequent bilinears B(pi)(u2i−1, u2i) are connected by propagators as in Fig. 1. We
only need to retain the part of the soft mode propagator (3) that contains the corresponding step function. We can
therefore define a truncated propagator
〈ε(u)ε(0)〉trunc. = Θ(u) (u− sin u) (A3)
which will be sufficient for computing F2k at leading order in κ.
Appendix B: The Full Six-Point Function
In the main text, we computed maximally braided 2k-point functions using an approximation scheme appropriate
for extracting the late time growth characteristic of quantum chaos. As a consistency check on our approximations,
7in this appendix we elaborate on the exact Euclidean six-point function G
(6)
E to see how it truncates to (8).
The leading order diagram is O(κ0) and can be represented as
G
(6)
E
∣∣
O(κ0) = (B1)
The dashed external circle indicates that the Euclidean time ordering has not been fixed and one should sum over
permutations of the external insertion points (corresponding to “braiding” the blue lines). The above contribution is,
of course, the completely disconnected product of three two-point functions.
The next order in perturbation theory involves one 〈εε〉 propagator:
G
(6)
E
∣∣
O(κ2) = (B2)
These contributions factorize in a product of a two-point and a four-point function.
The contribution of interest to us is the O(κ4) part since this involves connected pieces for the first time (which
are the ones measuring the k-scrambling time scales):
G
(6)
E
∣∣
O(κ4) = (B3)
where we are omitting a few more diagrams which are similar. In the main text, we computed only the first type
of diagram since this is the only one contributing to the (subtracted) maximally braided six-point function F6.
The remaining diagrams are of the same order in perturbation theory, but do not contain enough step functions to
contribute to F6. If we were interested in the generic (unordered) Euclidean correlator, we would have to consider
the full set of diagrams. For any specific ordering, one can identify a subset of diagrams that contributes.
We can indeed compute the diagrams shown above for arbitrary Euclidean time ordering.4 The result is complicated
and unilluminating. But from the above diagrams one can readily see which diagrams contribute given a particular
combination of step functions.
Higher orders in κ are not our concern here, but some such loop calculations for two- and four-point functions have
been done in [13].
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